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Propagation of dust-acoustic waves in a bounded dusty plasma
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The linear and nonlinear propagation of dust-acoustic waves in a dusty plasma bounded in finite geometry
has been theoretically investigated. It is found that the finite geometry of the bounded plasma makes a
significant contribution to the instability of the wave. Moreover, the pseudopotential has a positive and inverted
profile that prevents the trapping of particles and does not favor solitary waves in bounded dusty plasma.
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I. INTRODUCTION

Studies on the propagation of waves in a dusty plas
have been found to be very important in space and as
physical situations, fusion devices, industry, and mod
technology @1–6#. A dusty plasma is a three compone
plasma with electrons, ions, and highly charged massive
grains which influence the collective properties of t
plasma. The size of the grains is typically in the microme
range. The dust grains are generally negatively charg
;103e– 105e, by various charging processes. The charge
the dust particles are not always fixed, but depends on
plasma properties, e.g., photoemission, etc.@7#. Variable
charges introduce interesting characteristics in the dynam
of wave propagation in the plasma@8#. In the last few years
various authors investigated both linear and nonlinear w
propagation in plasma@9–14#. The authors of Ref.@15# were
the first to investigate theoretically the collective motion
negatively charged dust particles in the background of
electrons and ions in the plasma. They discussed a typ
sound wave called the dust-acoustic wave of very low f
quency, driven by plasma pressure and inertia. Subseque
Refs.@16–22# studied theoretically the propagation of wav
through a dusty plasma, and discussed different aspec
the dust acoustic mode under various physical situations
the context of an ion acoustic solitary wave in a du
plasma, the variable charges of the dust particles play im
tant roles in the existence of solitons in the plasma. T
authors of Ref.@23# showed that, for small grains, ion acou
tic solitons may exist, but that an increase in the grain cha
destroys them. Recently, it was shown@24# that the stream-
ing motion and attachment coefficients of ions and electr
have significant effects on the formation of ion acoustic s
tary wave in a dusty plasma.

It is worthwhile to mention that many authors studied t
propagation of waves in a bounded plasma system@25–27#,
but no study has yet been done for the bounded dusty pla
system. Studies of dust acoustic waves in a bounded pla
system are very much important for its relevance in the c
text of laboratory experiments and industrial application. O
intention in the present paper is to investigate theoretic
both linear and nonlinear wave propagation in a du
plasma bounded in a finite geometry, together with a varia
charge fluctuation of dust grains. From the linear dispers
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relation it has been observed that the stability of a d
acoustic wave depends on the finite geometry of the boun
plasma system. Analyzing the basic equations with the h
of the Sagdeev potential, it is found that the structure of
potential is completely different; this does not support t
trapping of particles, and so a solitary wave cannot
formed in a bounded dusty plasma system.

II. BASIC EQUATIONS AND LINEAR DISPERSION
RELATION

We consider a homogeneous, collisionless, and unma
tized dusty plasma consisting of electrons, ions, and char
dust particles. The plasma is bounded in a finite geome
We assume that a hydrodynamic description is possible f
plasma system where electrons and ions are in the b
ground and are thermalized. The density distributions for
electrons and ions can be written as

ne5neoexp~ef/kBTe! ~1!

and

ni5nio exp~2Zief/kBTi !, ~2!

whereneo and nio are the average equilibrium densities
electrons and ions, respectively.

The equations which govern the dynamical behavior
dust particles which are heavier than both electrons and
are given by the cold fluid equations

~]/]t1vD•“ !vD52~QD /mD!“f, ~3!

]nD /]t1“•~nDvD!50, ~4!

wherevD , nD , mD , andQD are the velocity, density, mass
and charge of the dust particles respectively.

The required Poisson equation is

“

2f54pe~ne2Zini2nDQD /e!. ~5!

Moreover, the fluctuation of dust charges due to interacti
of the dust with the electrons and ions is given by@8#

~]/]t1vD•V!QD5I e1I i , ~6!
©2001 The American Physical Society04-1
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where I e and I i represent the electron current and the i
current:

I e52pa2e~8kBTe /pme!
1/2ne exp@~e/kBTe!~f f2Vp!#,

~7!

I i5pa2e~8kBTi /pmi !
1/2niZi$12~eZi /kBTi !~f f2Vp!%.

~8!

Herea is the radius of the dust particles.Te (Ti), me (mi),
and ne (ni) are the temperature, mass, and density of e
trons ~ions!. (f f2Vp) is the difference between the pote
tials of dust-grain surface and ambient plasma. It should
mentioned here that expressions for the electron and ion
rents are useful only when the dust grains are stationary

Now, for the study of wave propagation in a bound
plasma system, we write Eqs.~1!–~6! in normalized form as
given below:

Ne5aneexp~c!, ~9!

Ni5exp~2aTZic!, ~10!

]uD /]t1uD]uD /]j52~qDe/QDoaaD!]c/]j, ~11!

]ND /]t1~]/]j!~NDuD!50, ~12!

“'
2 c1]2c/]j25~1/ane!~Ne2ZiNi2NDqDQDo /e!,

~13!

]qD /]t1uD]qD /]j5A1@2Ne~Te /me!
1/2exp~c f2cp!

1ZiNi~Ti /mi !
1/2

3$12ZiaT~c f2cp!%#, ~14!

where Ni5ni /nio , Ne5ne /nio , ND5nD /nio , uD
5vD /vpDlDe, t5tvpD , j5x/lDe, qD5QD /QDo , c f
5ef f /kBTe , etc. ane5neo /nio , anD5neo /nDo , aT
5Te /Ti , andA15pea2(8/p)1/2. In the above equations th
Laplace operator¹2 has been decomposed into a transve
part¹'

2 and a longitudinal part]2/]j2. Here we assume tha
the j axis is the direction of propagation of the wave, and
also the axis of the wave guide. To deduce the dispers
relation we assume that the field variables are perturbed

Ne5Neo1Ne8 , c5c8, Ni5Nio1Ni8 , uD5uD8 ,

ND5NDo1ND8 , qD5qDo1qD8 511qD8 , ~15!

and linearize Eqs.~9!–~14! to obtain

Ne85anec8, ~16!

Ni852aTZic8, ~17!

]uD8 /]t52qDo~eaaD /QDe!]c8/]j, ~18!

]ND8 /]t52NDo]uD8 /]j, ~19!
01640
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¹'
2 c81]2c8/]j25~1/ane!@Ne82ZiNi82QDo /e~NDoqD8

1qDoND8 !#, ~20!

]qD8 /]t5~ I eo /ane!Ne81I ioNi81@~ I eo /ane!Neo

2A~me /miaT!1/2Zi
2Nio#c f8 , ~21!

where I eo52Aaneexp(cfo2cp), I io5AZi$(me /mi)/
aT%1/2$12ZiaT(c f o2cp)%, A5A1(Te /me)

1/2, and c f8
5qD8 /C.

Now we assume the perturbed quantities to vary as
lows:

Ne85 f ~r !exp@ i ~kj2vt!#,

Ni85g~r !exp@ i ~kj2vt!#,

ND8 5h~r !exp@ i ~kj2vt!#,
~22!

uD8 5 l ~r !exp@ i ~kj2vt!#,

qD8 5m~r !exp@ i ~kj2vt!#,

c85n~r !exp@ i ~kj2vt!#,

from which Eqs.~16!–~21! lead to

f ~r !5anen~r !, ~23!

g~r !52aTZin~r !, ~24!

l ~r !5~k/v!~qDoeanD /QDo!n~r !, ~25!

h~r !5~kNDo /v!l ~r !, ~26!

d2n~r !/dr21~1/r !dn~r !/dr2k2n~r !5G, ~27!

where

G5~1/ane!@ f ~r !2Zig~r !2~QDoNDo /e!m~r !

2~QDoqDo /e!h~r !#, ~28!

~ I eo /ane! f ~r !1I iog~r !5$~1/C!@AZi
2Nio~me /miaT!1/2

2~ I eo /ane!Neo#2 iv%m~r !.

~29!

Eliminating all the variables in favor ofn(r ), we obtain

d2n~r !/dr21~1/r !dn~r !/dr1k2@$~1/v2!~NDoanD /ane!

1~1/k2!~QDoNDo /ebane2Zi
2aT /ane21!%21#n~r !

50. ~30!

If we put

b25k2@$~1/v2!~NDoanD /ane!1~1/k2!~QDoNDo /ebane

2Zi
2aT /ane21%21#, ~31!
4-2
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then the solution of Eq.~30! is seen to be

n~r !5Jo~br !. ~32!

Now, on the boundary of the cylindrical wave guide w
should havec50, that is,

Jo~bR!50, ~33!

if R is the radius of the cylinder. The dispersion relation th
turns out to be

pon
2 5~KR!2@$~1/v2!~NDoanD /ane!1~1/k2!

3~QDoNDo /ebane2Zi
2aT /ane21!%21#, ~34!

pon being the root of Eq.~33!.
Here b5@(1/C)$a2eZi

2Te(8p/miTi)
1/22I eo%2 iv#/(I eo

2I ioZiaT), where

C5a~11a/lD! ~35!

is the capacitance of the dust grain. We have solved
dispersion relation for various values of the radiusR and
three different zeroes of the Bessel function. The correspo
ing values of the phase velocity and imaginary wave vec
(kim) are plotted, respectively, in the Figs. 1~a!, 1~b!, 2~a!,
and 2~b!. In each case the variation of the phase velocity a
k is depicted with respect to the frequencyv. It may be
observed that forR510 and larger the behavior is almost th
same as an infinite plasma.

III. NONLINEAR ANALYSIS: SAGDEEV POTENTIAL

To study the nonlinear regime of the above system
equations we take recourse to the pseudopotential appro
This method, being applicable even for large amplitu
waves, will yield a positive result regarding the existence
a nonlinear solitary wave in the system. We again start w
a perturbation of the type of Eq.~15!, but do not linearize or
assume the perturbed quantities to be of the form of E
~16!–~21!; we obtain

Ne85anec8, ~36!

Ni852aTZic8, ~37!

]uD8 /]t1uD8 ]uD8 /]x52~11qD8 !~eanD /QDo!]c8/]x,
~38!

]ND8 /]t1NDo]uD8 /]x52]~uD8 ND8 !/]x, ~39!

]2c8/]r 21~1/r !]c8/]r 1]2c8/]x25~1/ane!@Ne82ZiNi8

2~QDo /e!~ND8 1qD8 ND8 1NDoqD8 !#, ~40!

]qD8 /]t5~ I eo /ane!~Ne81qD8 Ne8/C1NeoqD8 /C!1I ioNi8

2A~meaT /mi !Zi
2/C~qD8 1Ni8qD8 !, ~41!

Here x and t are the normalized length and time. Actuall
there aret andj in place oft andx in the mother equations
01640
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and we have omitted the convective term for the dust cha
fluctuation. We now assume that the perturbed quanti
(uD8 ,c8,Ni8 ,ND8 , etc.! all have the general variations:

Ne85Jo~k'r !Ne~x,t !,

Ni85Jo~k'r !Ni~x,t !,

ND8 5 j o~k'r !ND~x,t !,
~42!

uD8 5Jo~k'r !uD~x,t !,

qD8 5Jo~k'r !qD~x,t !,

c85Jo~k'r !c~x,t !,

FIG. 1. ~a! Variation of Vph~cm/sec!, with v, whereVph is the
phase velocity of the dust acoustic wave for various radii of
cylindrical wave guide ~R! when pon55.5. ~b! Variation of
Vph~cm/sec!, with v, for different values ofpon, the root of
J0(bR)50 whenR51 cm.
4-3
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Substituting Eq.~42! into Eqs.~36!–~41!, we obtain

Ne5anec, ~43!

Ni52aTZic, ~44!

]uD /]t1auD]uD /]x52~eanD /QDo!]c/]x

2qD~eanD /QDo!a]c/]x,

~45!

]ND /]t1NDo]uD /]x1a]/]x~uDND!50, ~46!

]qD /]t5~ I eo /ane!~Ne1~1/C!aqDNe1NeoqD /C!1I ioNi

2AZi
2~meaT /mi !

1/2~1/C!~aNiqD1qD!, ~47!

where

FIG. 2. ~a! Variation of kim , the imaginary propagation con
stant, as obtained from the dispersion relation withv for various
radii ~R! when pon55.5. ~b! Variation of kim with v for different
values ofpon whenR51 cm.
01640
a5E
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R

rJo
3drY E

O

R

rJo
2dr, ~48!

Now, following Ma and Liu, we note that the time scale
for grain charging and dust hydrodynamic motion are wid
different. The charging time is approximately

tch5@~dQD /dt!~1/QD!#21;QDo /I o , ~49!

while the hydrodynamic time scale is of the order oftd

;vpd
215(4pQDo

2 NDo /mD)21/2, where NDo and QDo

;22.5aTe /e7 are dust density and charge in equilibrium
and

I o52pa2e~8Te /pme!
1/2neo ~50!

is the electron grain current evaluated atqD50. For a dusty
plasma ofneo;1010 cm23 and Te;1 eV as well as 1-mm
grains ofNDo;105 cm23, mD;4310212 g, tch595 ns,td
52 ms Sotch!td that is on the hydrodynamic time sca
the dust charge can reach equilibrium at which

I e1I i50. ~51!

So, going to a frame of reference given byj5x2Mt, we
obtain

2M]uD /]j1auD]uD /]j52~eanD /QDo!]c/]j

2a~eanD /QDo!qD]c/]j,

~52!

ND5NDouD /~M2auD!, ~53!

]2c/]j22c5~1/ane!@Ne2ZiNi2~QDo /e!~ND1aqDND

1NDoqD!#, ~54!

Ne5aneexp~c!, ~55!

Ni5exp~2aTZic!. ~56!

On the other hand,I e1I i50 leads to

qD1@a12a2 exp~bc!#/@a31a4 exp~bc!#, ~57!

where

a15kBZia/eQDo ,

a25kBaB/eQDo ,

a35Zi
2/Ti ,

a45B/Te ,
~58!

d15eanD /QDo ,

d25ad1 ,

b5~11a1Zi !,

B5ane~aTmi /me!
1/2.
4-4
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Substituting these forms ofqD into Eq. ~26! we obtain

auD
2 22MuD1s50, ~59!

s52d1c12d2a2 /a3 ln$a4 exp~bc!%12d2~a1 /a3

1a2 /a4!ln$a31a4 exp~bc!%. ~60!

Thus we arrive at

uD5~1/a!@M6~M22as!1/2#. ~61!

Substituting all these into Poisson’s equation, we obtain
n

an
th
no
a
-
a

-

b
n
p

h

01640
d2c/dj25c11/ane†aneexp~bc!2Zi exp~2aTZic!

2~QDo /e!$NDouD /~M2auD!

1a@NDouD /~M2auD!#

3@$a12a2 exp~bc!%/$a31a4 exp~bc!%#

1NDo@a12a2 exp~bc!#/@a31a4 exp~bc!#%‡,

~62!

whereuD is given by Eq.~61!. Integrating Eq.~62! and using
the condition]c/]j→0 as uju→`, we obtain the pseudo
potential equation

1
2 ~]c/]j!21V~c!50, ~63!

whereV(c) is given by
V~c!5@$~QDoaA2NDo !/~eaneM
2ba4

2!%~a1a41a2a3!2~12Zi /ane2QDoNDo /eM2ane!2~NDoQDo /eane!~a2 /a4!

3~11aA1 /M2!#c2@11Zi
2aT/2ane2~A2QDoNDo!/~2eaneM

2!1~QDoNDoaA2/2eM2ane!~a2 /a4!#c2

1@$~NDoQDo !/~eba4
2ane!%~a1a41a2a3!~11aA1 /M22aA2a5 /M2ba4!# ln~a51ba4c!

2@NDoQDo~a1a41a2a3!/~eaneba4
2!#~11aA1 /M22aA2a5 /M2ba4!ln a5 , ~64!
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A15d2@~a1 ln a4 !/a31~a1 /a31a2 /a4!ln~a31a4!#,

A25@d11bd2$a1 /a31~a1 /a31a2 /a4!a4 /~a31a4!%#,

a55a31a4 .

a1 , a2 , a3 , a4 , b, andB were defined earlier.

IV. ANALYSIS AND DISCUSSION

From the form of Eq.~63!, it is quite obvious that it is
impossible to obtain the form ofc analytically. So we ana-
lyze the form of potentialV(c) numerically for different
plasma parameters. The corresponding forms ofV(c) are
depicted in the Figs. 3~a!–3~c!. The parameter values take
are aT5100 anda524.9, 225.35, and240.88, whereas
anD5100, 200, and 300. The Mach numbers are 0.5, 1,
1.5. The form of the pseudopotential obtained shows that
particle trapping is not possible. So a solitary wave can
be formed. Recent theoretical investigations by various
thors ~see Refs.@15#, @28–30#! revealed that a plasma con
taminated with dust grains of constant charge may and m
not sustain a soliton~dust acoustic! depending on the tech
niques followed Ref.@31#, the models used Refs.@31,32#, the
range of values of the Mach number, etc. It was reported
some workers@10# that if dust dynamics and a self-consiste
dust grain charge fluctuation be incorporated, then the pro
gation of a large-amplitude dust acoustic soliton throug
duty plasma is possible,within a certain range of velocities
d
e
t

u-

y

y
t
a-
a

or Mach numbers. This implies that a soliton will not exist in
the plasma if the Mach number is beyond this range. In
paper, the nontrapping solution does not favor soliton form
tion. This may be due to either the values of the Mach nu
bers used in the numerical computation or due to a nonlin
dissipative mechanism introduced by the nonsteady d
charge fluctuation dynamics. This inference is also suppo
by the analysis of Ref.@33#, where by using reductive per
turbation theory, the authors deduced a Burger equation.
a well known fact that the Burger equation does not supp
a soliton solution. The difference between the treatmen
Ref. @33# and our treatment is that for a bounded syste
their analysis is valid for an infinite plasma. At this point
may be pointed that a reductive perturbation approach
bounded domain is more difficult than the treatment giv
here.

V. CONCLUSION

In our analysis we have theoretically investigated t
propagation of large amplitude dust acoustic waves in
bounded dusty plasma system, as well as the existenc
solitary waves in the plasma. It is seen that the presenc
charged dust particles in a plasma gives some fascina
characteristics of the potential profile in comparison w
those found in other kinds of plasma. In the present anal
we find that a major portion of the Sagdeev potential is po
tive in the presence of dust charges in the plasma. The p
liar behavior of the Sagdeev potential indicates that the p
sibility of the existence of a dust acoustic soliton in
bounded dusty plasma is almost nil; instead, double lay
4-5
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FIG. 3. ~a! Plot of V(c) againstc, whereV is the Sagdeev potential for various values ofM, and a524.9, corresponding topon

55.5 when the typical plasma parameters areanD5neo /nDo5100,aT5Te /Ti5100 ~Te5100 eV,Ti51 eV!, andQDo510e. ~b! Variation
of V(c) with c for different values ofanD whena524.9 andM51.5. ~c! Variation ofV(c) with c for various values ofa corresponding
to different values ofpon whenanD5100 andM51.5.
ca
a
n
li-
th
th
t
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e-
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for
ize

ate
will occur. However, we have not compared our theoreti
results with experimental observations due to the nonav
ability of experimental data, although much work was do
in Refs.@34–38# and others in studying the existence of so
tary waves in laboratory plasmas. In the present study of
existence of solitary waves in a bounded dusty plasma,
dust fluid has been assumed to be cold. The effect of dus
o-

Sc

01640
l
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temperature may be studied in order to make our anal
more realistic from an experimental point of view. Mor
over, dust grains have been considered to be spheres of e
radius that carry identical charges. But this is not the case
a real dusty plasma, which consists of dust grains with s
and charge distributions. It would be better to incorpor
these features for a real situation.
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